ABSTRACT. A general value for f dt log P(t), for a, b positive reals, is derived in terms of the Hurwitz ( function. That expression is checked for a previously known special integral, and the case where a is a positive integer and b is half an odd integer is considered. The result finds application in calculating the numerical value of the derivative of the Riemann zeta function at the point -1, a quantity that arises in the evaluation of determinants of Laplacians on compact Riemann surfaces.
INTRODUCTION.
The geometry of the Laplacian operator on compact Riemann surfaces has been object of renewed interest in the context of string theory path integrals for the closed bosonic Polyakov string in the critical dimension d 26. In that framework, sums over multiloop amplitudes lead to physical quantities depending on the determinants of these laplacians.
D'Hoker and Phong [1, 2] By taking (a.7) for a + n and plugging the above identities into the r.h.s., we immediately see that the result is the same as the one given by (a.8)
PARTICULAR CASES.
We are interested in the case where the lower limit of integration is a positive integer and the upper limit is half an odd integer, i.e. I(m,n) =_ f=++l/=dt log F(t), m e N, n e N*.
(4.1)
A possible way of calculating this would be to replace a with m and b with m + n + 1/2 on the r.h.s, of (3.7) However, there is an alternative method which shows that all the integrals of the type (4.1) reduce to known quantities plus I(1, 0), i.e. plus an integral from 1 to 3/2.
By splitting the integration region into two pieces, I(m,n) fZ+"dt log r(t) + ::+a/dt log r(t), (4.2) the first intergal can be read from (3.8). As for the second one, it is convenient to make the obvious variable change u t-m-n + 1 and take advantage of the simple relation re+n--2 log F(u + m + n 1) ] log(u + k) + log F(u). From (3.9) and the relation (2.5)it is plain that (s, 3/2) (2" 1)(s) 2". (4.6) Derivation of this expression with respect to s yields :'(s, 3/2) (2" log 2)'(s) + (2" 1)"(s) 2" log 2.
(4.7)
Once again, by analytic continuation (4.6) (5.5) in good agreement with the value given by Steiner [4] . Notice, moreover, the rapid convergence of the series in (5.2), which can be numerically checked. In fact, using a simple Pascal program we have got the stability of the first six figures of (5.5) after summation of only eleven terms of the series in (5.2).
